We provide a counterexample to (1). We note that our counterexample 10 uses a monotone polygon. We also show that question (2) has a positive 11 answer for monotone polygons.
convexify a non-convex polygon by using flipturns; see also [1, 2, 7, 8] . Question. Given a simple polygon P and its visibility graph V G(P ), can the 27 vertices of P be moved continuously (one at a time or simultaneously) along 28 paths so that:
29
• the simplicity of the polygon P is maintained all the time, and
30
• the visibility graph of P never loses edges, only gains them.
31
In discussions following the workshop, the following two specific questions 32 were raised [4]:
33
(1) Is it true that every non-convex simple polygon has a vertex p that can 34 be continuously moved so that while p moves, V G(P ) gains at least one 35 extra edge, and never loses any?
36
(2) Can every simple polygon be convexified by continuously moving only one 37 vertex at a time such that V G(P ) never loses any edge?
38
Our aim is to prove that Question (2) has a positive answer for monotone 39 polygons. On the other hand, we give an example that shows that the answer 40 to Question (1) is negative, even for monotone polygons. For recent results on 41 this topic, see also [6] .
A polygon P is monotone if any vertical line intersects P in at most two 48 points. We will suppose without loss of generality that no vertical line passes 49 through two vertices of P . Let u and v be the leftmost and rightmost vertices 50 of P . Clearly there are two edge-disjoint paths contained in P joining u to v, 51 one above the other. The first will be called the upper chain of P , the second 52 the lower chain of P .
53
A basic operation that we will use in this paper is that of moving the ele-54 ments of {p 0 , . . . , p n−1 } around the plane. As the vertices of P move, strictly 55 speaking the polygon P defined by its vertices changes, nevertheless, abusing 56 our terminology a bit, we will always refer to it as P . In other words, as the 57 elements of {p 0 , . . . , p n−1 } move around the plane, they and P keep their re-58 spective identities. We will restrict our point moves to those that do not destroy 59 the simplicity of P .
60
In Figure 1(b) , we illustrate the change that the polygon shown in Figure 1 
64
If P is a polygon, then CH(P ) denotes the convex hull of P . A vertex of P
65
that lies on the boundary of CH(P ) is called a convex hull vertex, otherwise it 66 is called an interior vertex. Let V • (P ) and V • (P ) respectively denote the set 67 of convex hull and interior vertices of P . Thus
68
A simple polygon P divides R 2 \ P into two regions, a bounded region called 69 the interior of P , and an unbounded region called the exterior of P . We say the 70 two vertices u and v of P are P -visible if the relative interior of the line segment 71 uv joining them is contained in the interior of P . We call {u, v} a visibility 72 pair. Note that according to our definition, consecutive vertices of P are not 73 visible. Let N (P ) be the set of pairs of vertices of P that are not P -visible. As 74 consecutive vertices of P are not P -visible, |N (P )| ≥ n.
75
The visibility graph V G(P ) is the graph with vertex set {p 0 , . . . , p n−1 } in 76 which two vertices are adjacent if they form a visibility pair. Note that if the 77 vertices of P move, the set of visible pairs of P may change, and in turn V G(P ) 78 may also change.
79
In this paper, we will be mainly concerned with the changes that polygons 80 undergo as we move their vertices along line segments. Most of the time, we 81 move one vertex at a time, and along a line segment.
82
A point-move operation on P is the translation of a vertex of P , say p i , (the 
85
We say that a vertex move is visibility-preserving, if the following condition 86 holds:
87
• If p j and p k were P -visible, they remain P -visible while p i moves.
88
If in addition the following is satisfied:
89
• The number of edges of V G(P ) increases,
90
we call it a visibility-increasing vertex move. In this section we establish some basic properties of visibility-preserving vertex 120 moves. They will be used in the next section to prove our main result. For a 121 point q ∈ R 2 and some δ > 0, we denote by B δ (q) the closed disk with radius δ 122 with center at point q.
123
Let P = {p 0 , . . . , p n−1 } be a set of points in the plane in general position.
124
We say that that δ > 0 is a safe threshold of P if there are no three elements 125 p i , p j , and p k of P such that B δ (p i ), B δ (p j ), and B δ (p k ) are all intersected by 126 a line . Equivalently, we can say that δ is a safe threshold of P if there are no 127 three points p i , p j , p k ∈ P such that when we translate each of them to a point 128 within δ distance of them, they become aligned.
129
The following observations are evident, but useful. The next proposition follows immediately from these two observations. 137 Proposition 1. Let P be a polygon such that V (P ) is in general position, and 138 let δ be a safe threshold of V (P ). Let S = {p σ(1) , . . . , p σ(m) } be any subset of The following lemma will be useful to prove Theorem 2.
143
preserving vertex moves of some vertices of P such that at the end of the se-145 quence, the vertices of P are in general position, P remains monotone, and
146

|V
• (P )| + |N (P )| does not increase during the vertex movements.
147
Proof. Recall that we are assuming that no vertical line passes through two 148 vertices of P . We proceed by induction on the number of collinear triples in 149 V (P ). Let tri(P) denote this number of collinear triples in V (P there is nothing to prove. Observe that P is convex if |V • (P )| + |N (P )| = n.
173
Suppose then that |V • (P )| + |N (P )| > n and assume that the theorem holds 174 for all polygons Q with |V
Since P is not convex, it follows that V • (P ) is not empty. Suppose with- If we stop because (1) or (2) there must be a visibility-increasing event. This will prove our result.
192
Observe that during the first iteration of BP, we are moving
upwards by a distance δ which is the threshold of the initial configuration of P . By Observation 3, at least one of u or w belongs to the convex hull of P . We
217
Obviously w can not be in the lower chain of P . It remains to show that 218 w does not belong to CH(P ). Let p be the point where v i was located before 219 the critical move was executed. Assume to the contrary that w is in CH(P ).
Since before v i reached p, no event of type (1) took place, any point on the line 221 segment joining p to p is in the interior of CH(P ). It is easy to see now that not only w, but also p and u must be in CH(P ).
223
Since w is contained in the straight segment joining p and u, and since p is also 224 in CH(P ), it follows that there must be another vertex z of CH(P ) such that p 
233
Consider the triangle whose vertices are p, u, and p ; see Figure 4 . Let L be the 234 vertical line that passes through w, and let w be the point where L crosses up .
235
Since pp has length ≤ δ, it follows that the length of the segment ww is strictly 236 less than δ. Therefore the point w − that lies a distance δ vertically below w 237 lies below w . Let λ denote the vertex move that took v j from w − to w, and let 238 us denote by P λ the position of polygon P before λ was executed. We remark 239 that w − , and hence λ and P λ , are well defined, since every vertex was moved 240 upwards at least once by a distance δ before any collinearity arose. In the polygon P λ , u is not visible from p = v i . Therefore one of the moves involved in taking P λ into P must be visibility-increasing.
242
The monotonicity of P λ implies that the open vertical ray above w − is in follows that u is not P λ -visible from p ; see Figure 5 . Since at the beginning of 245 the critical move u is P -visible from p , it follows that during one of the vertex 246 moves executed between λ, call it λ , and the critical event, v i and u became 247 visible, thus λ is visibility-increasing. Our result follows. moves. Can this problem be solved? We believe that this is not always possible.
260
We conjecture: We believe that our techniques should extend to star-shaped polygons, but so 281 far we have not been able to do it.
282
We conclude with the following conjecture: 
